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Tokamaks are axisymmetric.
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Tokamak - a fusion device where the con�ning magnetic �eld isproduced by
current in the plasma.

� "con�ning magnetic �eld" - con�nement is achieved by the twist of the
magnetic �eld; the "poloidal"magnetic �eld. Measure of this twist is
called "safety factor",q, or its reciprocal, "rotational transform", � .

� The equilibrium in a tokamak is axisymmetric. That is, the equilibrium
pro�les will look identical at any� -plane. Only two coordinates are
required to describe the equilibrium quantities, e.g.(r; � ), or (x; y), or
(R; Z )

� Widely studied because the geometry and construction are simple.

� The NIMROD code was designed to study tokamaks (axisymmetric
plasma con�gurations).

� Susceptible to current-driven instabilities.



Stellarators are "fully 3D."
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Stellarator - a fusion device where the con�ning magnetic �eld is produced by
coils external to the system.

� The equilibrium is generally NOT axisymmetric. Three coordinates are
required to describe the equilibrium quantities, e.g.(r; �; � ).

� Because of the more di�cult geometry, stellarators have notbeen as
widely studied.

� Since no current is required to provide con�nement, stellarators are not
as susceptible to current-driven instabilities.



Motivation - Plasma � and 3D Magnetic Fields.
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� The study of 3D equilibrium magnetic �elds (like that of a stellarator) is
important because:

� No net current is required to provide con�nement, in contrast with
the axisymmetric �eld of a tokamak.

� No net current reduces the chances of a current-driven disruptions.

� Since the 3D �elds are produced by external coils, in principle there
is much more ability to control the plasma.

� Plasma� is a measure of the e�ciency of the magnetic �eld to con�ne
the plasma:

� =
2� 0hpi
hB 2i

High plasma� is desirable for fusion. Understanding what parameters
limit � is important to design of fusion of devices.



Motivation - Equilibrium and ux surfaces.
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� In tokamaks, achievable� is limited by stability issues and has been
shown to obey an empirical relation (Troyon, 1985):

� crit �
� 0I
aB

In contrast, achievable� in stellarators does not seem to be limited by
instability/disruption. The equilibrium magnetic topology changes in
response to increasing pressure (Reiman, 2007; Zarnstor�,2004).

� Equilibrium MHD equations de�ne ux surfaces: surfaces of constant
pressure whereB and J lie.

J � B = r p (1)

� 0J = r � B (2)

r � B = 0 (3)

These equations imply that equilibrium current and magnetic �eld lines
lie on constant pressure surfaces => "ux surfaces."



Motivation - the need for good nested ux surfaces.
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� If a 2D restriction (e.g. axi-symmetric) is placed on the analysis =>
Grad-Shafranov theory. That is, one can carry out analysis with the
assumption that the ux surfaces remain intact. In this formalism, the
plasma can be completely described.

� But, in reality good nested ux surfaces can be degraded by
instabilities called tearing modes. This can be thought of as a
symmetry-spoiling helical perturbation at a resonant surface which
results in magnetic island formation.

� Complete mathematical description of 3D equilibrium is an open
question. Even in 3D vacuum con�gurations, nested cylindrical ux
surfaces are not guaranteed to exist (Grad, 1967)= > magnetic islands
form, stochasticity develops.

� Additionally, pressure-induced currents can trigger changes in the
magnetic topology, creating magnetic islands or stochastic regions. This
is important for stellarators which have no net current.



The current investigation considers how the 3D equilibrium resp onds to
increasing pressure.
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� GOAL - Study � -limiting phenomena with a two-pronged
approach:

� Analytically: 3D MHD equilibrium island width calculations,
accounting for the e�ect of �nite parallel heat conductivity.
This work provides insight into the importance of transport
along �eld lines as the plasma responds to increasing
pressure.

� Numerically: Use NIMROD to study 3D magnetic �eld
structure of stellarator con�gurations while increasing
pressure.



The present simulations use NIMROD to solve the equations of
resistive MHD.
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Although NIMROD can employ more advanced closures for the MHD
equations, here only the resistive MHD equations are used:
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r � v � r � q + Q
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= �r � E + � divB rr � B

E = � v � B + � J

� 0J = r � BNotes:

� Q is the sum of ohmic and viscous heating.

� r � B divergence cleaning is employed.

� Additional di�usive term in the continuity equation.



NIMROD has been modi�ed to allow modeling of a straight stellar ator.

Mark Schlutt 8 SIAM Seminar, February 2010

Code modi�cations completed to date:

� An analytically prescribed non-axisymmetric vacuum �eld is
loaded into NIMROD's perturbed �eld representation.

� An ad-hoc heating source has been added to heat plasma near the
geometric axis.

� The �eld line tracing code has been modi�ed to calculate rotational
transform for stellarator-like equilibria.

� A diagnostic has been written to Fourier transform the �eld
quantities inboth the toroidal and poloidal directions => provides
a measure of how helically symmetric the con�guration remains
during the simulation.

� All above modi�cations function in either cylindrical or rectangular
geometries.



The initial vacuum equilibrium magnetic �eld of the straight st ellarator
can be analytically prescribed.
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Solving Laplace's equation in a periodic cylinder yields a scalar potential to
describe the vacuum magnetic �eld for a straight stellarator:

B = r �

� = B0
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where:
� mn = bmn

B 0
is the relative amplitude of the helical harmonic of the magnetic �eld.

I m (x) is the modi�ed bessel function of orderm and argumentx.

Magnetic �eld structure and spectrum are controlled by choice of � mn :
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* Helically symmetric equilibria are a special subclass of solutions
=) B = B ( ; M� � N� )



The boundary condition is a line-tied perfectly conducting shel l.
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� In general 3-D magnetic con�gurations, �eld lines intersect the
computational boundary.

� After the analytic vacuum equilibrium is prescribed, a line-tied condition
is enforced at the boundary. That is, the normal component ofthe
magnetic �eld at the wall is NOT updated for t> 0:

d
dt

~B � n̂jbdry = 0

This results in a vacuum magnetic �eld structure which persis ts in
time, despite perturbations to the magnetic �eld.



Straight Stellarator Parameters and Figures of Merit.
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All calculations take place in straight stellarator geometry where:
a = minor radius = 0.4

B0 = Guide �eld in axial direction = 1 T
Tbckgrd = background temperature (at plasma edge) = 1 eV

Kinematic viscosity = 1.0m2=s
Electrical Di�usivity (�=� 0) = 1m2=s

� res = Resistive di�usion time = 0.16 s
� A = Alfven time = 6.4e-7 s

S = Lundquist number = 250,000
VA = Alfven speed = 6.2e5 m/s

� ? = perpendicular thermal di�usivity = 1 m2=s
� k = parallel thermal di�usivity = 1.0e6 m2=s

Pm = magnetic Prantdl number = 1



Good ux surfaces are observed to form in vacuum for the helica lly
symmetric case.
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Helically symmetric magnetic �eld with m,n harmonics of 2,2, 3,3, and 4,4.
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Figure 1: Rotational transform as a func-
tion of radius at� = 0 .

Figure 2: Poincare plot at� = 0 .

Note: Periodic cylinder is2� long.



Good ux surfaces are observed to form in vacuum for the helica lly
symmetric case.
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Figure 3: Poincare plot at� = �= 4. Figure 4: Poincare plot for at� = �= 2.

Note: Periodic cylinder is2� long.



Symmetry spoiling harmonics can form magnetic islands in vacuu m.
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A magnetic island is seen to form at � = 0 :5. ~B = r �
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Symmetry spoiling harmonics can form regions of stochasticity in
vacuum.
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Note the stochastic outer region.~B = r �
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Figure 5: Poincare plot at� = 0 . Figure 6: Poincare plot at� = �= 4.



Typical results for a heated helically symmetric system.
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Initial magnetic �eld structure:
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Figure 7: Poincare plot at� = 0 , t=0,
� = 0 (vacuum).

Figure 8: Poincare plot at� = 0 ,
t=3.2ms, � = 7 :3%.



Typical results for a heated helically symmetric system.
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Figure 9: Poincare plot at� = 0 ,
t=4.8ms, � = 10:4%.

Figure 10: Poincare plot at� = 0 ,
t=5.05ms, � = 10:9%.

Figure 11: Rotational transform pro�les for various times.



Typical results for a heated helically symmetric system.
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Figure 12:B � pro�les for various times. Figure 13:J � pro�les for various times.

Figure 14: Temperature pro�les for various times.



Summary of numerical results.
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The 3-D magnetic �eld structure of a straight stellarator con�guration has
been modeled using NIMROD.

� In vacuum, good ux surfaces are formed by analytically prescribing the
magnetic �eld structure.

� These vacuum solutions persist in time, even when perturbed.

� In vacuum, magnetic islands and stochastic regions are formed by
judicious addition of small harmonics.

� When the helically symmetric system is heated, good ux surfaces
remain largely intact for rather large values of� .

� Mapping of the parameter space has begun where the varied quantities
are: heating power,� ?

� k
, poloidal resolution and toroidal resolution.



Future work.
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Investigate stability properties of heated helically symmetric equilibria:

� Investigate the introduction of symmetry-spoiling perturbations to a hot,
helical symmetric system.

� Is there an instability-induced� limit? Or is there gradual magnetic
surface degradation?

� What maximum� is possible in the helically symmetric system?
What maximum� is possible in the fully 3-D system?

� Is it possible to restrict the system such that it ONLY can be
helically symmetric as it is heated? If so, can this 2D systembe
heated above some MHD instability limit? Have I already produced
cases that are above this limit?

� Adjust the strength of the symmetry-breaking harmonics to obtain
di�ering degrees of stochasticity. What is the e�ect on� ?

� The ratio
� k

� ?
will be modi�ed and the e�ect on� will be observed.
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